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REPRESENTATION EQUIVALENCE FOR COMPACT SYMMETRIC
SPACES SPACES OF REAL RANK ONE
EMILIO A. LAURET AND ROBERTO J. MIATELLO
Abstract. Given G/K, an irreducible compact symmetric space of real rank one, we study
conditions on a K-type τ so that τ -isospectrality between the spaces Γ\G/K and Γ′\G/K
implies that Γ and Γ′ are τ -representation equivalent, for all discrete subgroups Γ,Γ′ of G. In
the case of real, complex and quaternionic projective spaces we exhibit infinitely many K-types
having this property. We specially study the so called p-form representations of K, i.e. the
irreducible constituents of the complexified p-exterior bundle, showing that in many cases, for
such τ , τ -isospectrality implies τ -representation equivalence. In particular we show this holds
for spheres and complex projective spaces and it remains true for quaternionic projective spaces
for 0 ≤ p ≤ 2 and for the Cayley plane for most values of p.
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1. Introduction
Let M = G/K be a normal homogeneous space, that is, the Riemannian metric on G/K is
G-invariant and induced by an Ad(G)-invariant inner product 〈·, ·〉 on the Lie algebra g of G.
Given a finite dimensional representation (τ,Wτ ) of K one can form the associated hermitian
G-homogeneous vector bundle Eτ on M and there is a distinguished self-adjoint, second order,
elliptic differential operator ∆τ acting on smooth sections of Eτ , defined by the Casimir element
C associated to 〈·, ·〉. When τ = 1K , the trivial representation of K, it turns out that Eτ is
the trivial bundle M × C, smooth sections of Eτ are in correspondence with complex-valued
smooth functions on G/K, and ∆τ coincides with the Laplace–Beltrami operator on M .
Consider a discrete cocompact subgroup Γ of G. The quotient Γ\M is a compact good
orbifold, with a manifold structure in case Γ acts freely onM . Then Γ\M inherits a Riemannian
metric on Γ\M from the one on M . Furthermore, Eτ naturally induces a vector bundle Eτ,Γ
on Γ\M , whose sections are identified with Γ-invariant sections of Eτ . Thus, the differential
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operator ∆τ,Γ given by the restriction of ∆τ on Γ-invariant smooth sections of Eτ , is a self-
adjoint, second order, elliptic operator acting on smooth sections of Eτ,Γ. Since Γ\M is compact,
the spectrum of Γ\M is discrete, non-negative, and every eigenvalue has finite multiplicity.
The spectrum of ∆τ,Γ, called the τ -spectrum of Γ\M , can be expressed in Lie theoretical
terms. More precisely, the multiplicity in Spec(∆τ,Γ) of a non-negative real number λ is given
by
(1.1) mult∆τ,Γ(λ) :=
∑
(pi,Vpi)∈Ĝ:
λ(C,pi)=λ
nΓ(pi) dimHomK(Wτ , Vπ),
where Ĝ stands for the unitary dual of G, λ(C, pi) is the scalar for which the operator pi(C)
acts on Vπ, and nΓ(pi) = dimHomG(Vπ, L
2(Γ\G)) ∈ N0 := N ∪ {0}. Note that the sum in (1.1)
is indeed over the set Ĝτ of τ -spherical representations of G, that is, those pi ∈ Ĝ satisfying
HomK(Wτ , Vπ) 6= 0.
It follows immediately from (1.1) that Γ\M and Γ′\M are τ -isospectral (i.e. ∆τ,Γ and ∆τ,Γ′
have the same spectra), if the discrete cocompact subgroups Γ,Γ′ of G satisfy
(1.2) nΓ(pi) = nΓ′(pi) for all pi ∈ Ĝτ .
Discrete cocompact subgroups Γ and Γ′ of G are called τ -representation equivalent in G when
(1.2) holds. The converse question appears naturally, that is
Whether τ -isospectrality of Γ\M and Γ′\M forces Γ and Γ′ to be τ -representation
equivalent in G.
In the sequel, we will say that the representation-spectral converse is valid for (G,K, 〈·, ·〉, τ)
when, for every Γ,Γ′ discrete cocompact subgroups of G such that Γ\M and Γ′\M are τ -
isospectral, Γ and Γ′ are τ -representation equivalent in G. We usually abbreviate (G,K, 〈·, ·〉, τ)
by (G,K, τ) when 〈·, ·〉 is clear in the context (e.g. when G is simple there is only one Ad(G)-
invariant inner product up to positive scaling).
Pesce [Pe96] studied the validity of the representation-spectral converse and proved it to
hold for (G,K, 1K) for several normal homogeneous spaces M = G/K. Namely, when M is
a compact or non-compact Riemannian symmetric space of real rank one, and M = (O(n) ⋉
Rn)/O(n) ≃ Rn endowed with the flat metric.
In the article [LMR15] the validity of the representation-spectral converse for the exterior
representation τp on spaces of constant curvature is considered. The representation τp of K (see
Definition 2.3) satisfies Eτp ≃
∧p(T ∗M) and ∆τp coincides with the Hodge–Laplace operator
acting on p-forms. The mentioned constant curvature spaces were realized as Sn = O(n +
1)/O(n) with n odd, Rn = (O(n)⋉ R)/O(n) and Hn = SO(n, 1)/O(n), thus K ≃ O(n) in all
cases. In this context, τp is the exterior representation of O(n) on
∧p(Cn), where Cn denotes
the standard representation of O(n). The following generalization was established in [LMR15,
Thm. 1.5] for any 0 ≤ p ≤ n: if Γ\M and Γ′\M are τq-isospectral for every 0 ≤ q ≤ p, then Γ
and Γ′ are τq-representation equivalent in G for every 0 ≤ q ≤ p. Moreover, [LMR15, Ex. 4.8–
10] show counterexamples for the representation-spectral converse for a single τp in the flat case
M = Rn. In contrast, when M = S2n−1, the converse holds for (O(2n),O(2n− 1), τp) for every
p (see [LMR15, Prop. 3.3] where a few more irreducible representations of O(n)) were added.
Progress on this problem was made in [LM18], where the representation-spectral converse
for (SO(n+1), SO(n), τ) was proved for infinitely many irreducible representations τ of SO(n).
Here, M = SO(n + 1)/ SO(n) ≃ Sn. The main goal of this article is to extend the previous
study to the rest of compact symmetric spaces of real rank one.
A sufficient condition on the highest weight µ of an irreducible representation τµ of K satis-
fying the representation-spectral converse was given in [LM18, Thms. 5.1 and 5.9]. This result
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was obtained as a consequence of a stronger fact (see Theorem 2.5) that allows us to determine
the whole spectrum of ∆τ,Γ by an adequate finite part of it. Roughly speaking, when Ĝτ can
be written as a finite union of strings of representations (see (2.4)) and satisfies some mild
conditions, we characterize the finite subsets Fτ of Ĝτ such that the collection of λ(C, pi) for
pi ∈ Fτ determines nΓ(pi) for every pi ∈ Ĝτ , and consequently the spectrum of ∆τ,Γ, for every
finite subgroup Γ of G.
In this article, we analyze the conditions in Theorem 2.5 for the remaining compact symmetric
spaces of real rank one, namely P n(C) = SU(n+1)/ S(U(n)×U(1)), P n(H) = Sp(n+1)/ Sp(n)×
Sp(1), and P 2(O) = F4 / Spin(9). They are treated in Sections 3, 4 and 5 respectively.
The main result can be summarized as follows.
Theorem 1.1. Let G/K be a compact irreducible simply connected symmetric space of real
rank one, that is not the Cayley plane. Then there exist infinitely many τ ∈ K̂ such that the
representation-spectral converse holds.
The case G/K ≃ Sn was established in [LM18, Thms. 5.1, 5.9]. Theorems 3.3 and 4.2 con-
struct explicit irreducible representations τ of K such that the representation-spectral converse
holds for P n(C) and P n(H) respectively.
We also exhibit for each of these spaces some choices of τ ∈ K̂ such that Theorem 2.5 cannot
be applied (see Examples 3.7, 3.8, 4.4, 5.2). This fact does not mean that the representation-
spectral converse fails for those (G,K, τ). Indeed, the only known examples where it is known
not to hold among compact normal homogeneous spaces were given in [LM18, Prop. 5.3 and
Rem. 5.4].
Furthermore, we analyze in detail the representation τp of K on the p-exterior power of the
complexified cotangent bundle
∧p T ∗
C
M (see Definition 2.3) and its irreducible constituents, the
p-form representations. Then ∆τp,Γ coincides with the Hodge–Laplace operator on Γ-invariant p-
forms onM . We obtain in Theorems 3.4, 4.3 and 5.1 sufficient conditions so that p-isospectrality
between Γ\M and Γ′\M implies that Γ and Γ′ are τp-representation equivalent. In the case of
spheres and complex projective spaces, the representation-spectral converse holds for all p-form
representations. For quaternionic projective spaces and the Cayley plane we give a proof using
Theorem 2.5 in some cases. For instance, when G/K is the 16-dimensional space P 2(O), we
show it holds for p 6= 5, 7, 8, 9, 11. The proof is based on the detailed calculations of each
p-spectrum of P 2(O) by Mashimo in [Ma97] and [Ma06]. One difficulty to treat these cases is
that the branching formulas are much more difficult to apply.
Without extra effort, we also prove a strong multiplicity one theorem for the spectrum of
∆τ,Γ under the same assumptions as in Theorem 2.5, so it is valid for infinitely many τ ∈ K̂ in
the cases in Theorem 1.1. Such result states that if the multiplicity of the eigenvalues in the
spectra of ∆τ,Γ and ∆τ,Γ′ agree with finitely many exceptions, then Γ\G/K and Γ
′\G/K are
τ -isospectral. See [BR11] and [Ke14] for similar results for symmetric spaces of real rank one
and non-compact type.
2. Preliminaries
In this section we introduce the ingredients that will be needed in the rest of the article.
Subsection 2.1 reviews standard facts on homogeneous vector bundles and elliptic differential
operators acting on its smooth sections. Subsection 2.2 introduces the notion of a string of
representations and some basic results on representations of compact Lie groups. Unless a
precise reference is given, this information can be found in [GW] and [Kn]. This section ends
with Theorem 2.5 proved in [LM18], which will be our main tool (see Subsection 2.3).
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2.1. Spectra on vector bundles. Let G be a Lie group and let K be a compact subgroup of
G, with Lie algebras g and k respectively. There is a reductive decomposition g = k ⊕ p, with
[k, p] ⊂ p. The tangent space of M := G/K at the point eK is identified with p. Consequently,
G-invariant metrics on M are in a bijection with the set of Ad(K)-invariant inner product 〈·, ·〉
on p. We consider the homogeneous metric on M induced by an Ad(G)-invariant inner product
on g, so the resulting Riemannian manifold is a normal homogeneous space.
Let (τ,Wτ ) be a finite dimensional unitary representation of K. There is a naturally as-
sociated the homogeneous vector bundle Eτ := G ×τ Wτ on M as (G × Wτ )/ ∼, where
(gk, w) ∼ (g, τ(k)w) for all g ∈ G, w ∈ Wτ , k ∈ K (see for instance [Wa, Ch. 5]). We
denote by [x, w] the class of (x, w) ∈ G ×Wτ in Eτ . The space of smooth sections of Eτ is
isomorphic to C∞(G; τ) := {f : G → Wτ smooth : f(xk) = τ(k
−1)f(x) ∀ x ∈ G, k ∈ K}
as G-modules. The action of G is given by the left-regular representation in both cases. The
identification is given by f 7→ (x 7→ [x, f(x)]) for f ∈ C∞(G; τ).
The Lie algebra g of G acts on C∞(G/K; τ) by (Y · f)(x) = d
dt
∣∣
t=0
f(x exp(tY )). This action
induces a representation of the universal enveloping algebra U(gC) of the complexified Lie
algebra gC of g. The Casimir element C ∈ U(gC), given by C =
∑
iX
2
i ∈ U(gC) where
{X1, . . . , Xn} is any orthonormal basis of g with respect to 〈·, ·〉, induces a self-adjoint, second
order, elliptic differential operator ∆τ,Γ on C
∞(G/K; τ) and therefore on the space of smooth
sections of Eτ,Γ.
Let Γ be a discrete cocompact subgroup Γ of G. The space Γ\M is a compact good orbifold,
which has no singular points if Γ acts freely onM . We consider the bundle Eτ,Γ on Γ\M defined
by the relation [γg, w] ∼ [g, w] for all γ ∈ Γ and [g, w] ∈ Eτ . The space of smooth sections of
Eτ,Γ is identified with the space of Γ-invariant smooth sections of Eτ .
We define ∆τ,Γ as ∆τ restricted to Γ-invariant smooth sections of Eτ . So, ∆τ,Γ is a formally
self-adjoint, second order, elliptic differential operator acting on sections of Eτ,Γ. Its spectrum
is non-negative, and discrete, since Γ\M is compact. Let mult∆τ,Γ(λ) denote the multiplicity
of a non-negative real number λ in Spec(∆τ,Γ). One has that
(2.1) mult∆τ,Γ(λ) :=
∑
(pi,Vpi)∈Ĝ:
λ(C,pi)=λ
nΓ(pi) dimHomK(Wτ , Vπ),
where Ĝ is the unitary dual of G, λ(C, pi) is the scalar by which the operator pi(C) acts on Vπ
(this holds since C is in the center of U(gC)), and nΓ(pi) ∈ N0 is the multiplicity of pi in the
right regular representation on L2(Γ\G), that is
(2.2) L2(Γ\G) ≃
⊕
π∈Ĝ
nΓ(pi) Vπ
as G-modules. We denote by Ĝτ the subset of τ -spherical representations of Ĝ, that is, Ĝτ =
{(pi, Vπ) ∈ Ĝ : HomK(Wτ , Vπ) 6= 0}.
We recall two notions from Section 1. Two spaces Γ\M and Γ′\M are said to be τ -isospectral
if the operators ∆τ,Γ and ∆τ,Γ′ have the same spectrum, that is, mult∆τ,Γ(λ) = mult∆τ,Γ′(λ)
for all λ ≥ 0. Similarly, two discrete cocompact subgroups Γ and Γ′ of G are said to be τ -
representation equivalent in G if nΓ(pi) = nΓ′(pi) for all pi ∈ Ĝτ . From (2.1), it follows that
Γ\M and Γ′\M are τ -isospectral if Γ,Γ′ are τ -representation equivalent in G.
Remark 2.1. Suppose (τ,Wτ ) is a reducible finite-dimensional representation of K, say Wτ ≃
W1⊕· · ·⊕Wℓ with each Wi invariant by K under τ . One clearly has that Ĝτ =
⋃ℓ
i=1 Ĝτi , where
τi = τ |Wi for each i. Consequently, if Γ and Γ
′ are τ -representation equivalent in G, then they
are also τi-representation equivalent in G for every i.
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We now give precise definitions of the spectral strong multiplicity one property and the
representation-spectral converse property (see [LM18, Def. 4.1]).
Definition 2.2. We say that the spectral strong multiplicity one property is valid for the triple
(G,K, τ) if mult∆τ,Γ(λ) = mult∆τ,Γ′ (λ) for all but finitely many eigenvalues λ implies that Γ\M
and Γ′\M are τ -isospectral, for every pair Γ,Γ′ of discrete cocompact subgroups of G.
Furthermore, we say that the representation-spectral converse is valid for the triple (G,K, τ)
if τ -isospectrality between Γ\M and Γ′\M implies that Γ and Γ′ are τ -representation equivalent
in G, for every pair Γ,Γ′ of discrete cocompact subgroups of G.
2.2. String of representations. From now on, we assume that G is connected, compact and
semisimple. For a maximal torus T of G with Lie algebra t, let Φ(gC, tC) be the set of roots
with respect to the Cartan subalgebra tC of gC and let Φ
+(gC, tC) be its subset of positive roots
relative to an order on t∗
C
. By the highest weight theorem, Ĝ is parametrized by the set P++(G)
of G-integral dominant weights with respect to Φ+(gC, tC).
We still denote by 〈·, ·〉 the bilinear extension on gC and on t
∗
C
of the Ad(G)-invariant inner
product on g. It is well known that the Casimir element C acts on pi ∈ Ĝ by the scalar (see for
instance [Wa, Lemma 5.6.4])
(2.3) λ(C, pi) := 〈Λπ + ρG,Λπ + ρG〉 − 〈ρG, ρG〉 = 〈Λπ,Λπ + 2ρG〉.
Here, Λπ is the highest weight of pi and ρG denotes half the sum of the positive roots relative
to Φ+(gC, tC).
We now recall the notion of string of representations, which was essential in [LM18]. For
ω,Λ0 ∈ P
++(G), we call the ordered set
(2.4) S(ω,Λ0) := {piΛ0+kω : k ∈ N0}
the string of representations with base Λ0 and direction ω.
Given Γ an arbitrary finite subgroup of G, in the article [LM18] we gave sufficient conditions
on a finite subset A of N0 so that the values of nΓ(piΛ0+kω) for k ∈ A determine the rest of
the values (see [LM18, Thm. 3.1 and Cor. 3.2]). To study the spectrum of ∆τ,Γ, it is a very
convenient fact that Ĝτ can be written as a finite union of strings having the same direction.
This was the case when (G,K) = (SO(n+1), SO(n)) for every τ (see [LM18, (5.3) and (5.11)]).
Proposition 3.2 will show that this property is still true when G/K = P n(C). Although are
good evidences to believe that the same situation holds when G/K = P n(H) and P 2(O), the
branching laws available in these cases are not sufficient to prove it.
We will put special attention on certain representations that we now introduce. We fix a
normal homogeneous space G/K with G semisimple andK compact, thus g = k⊕p, with k and p
orthogonal with respect to the Ad(G)-invariant inner product. Note that p is Ad(K)-invariant,
so it can be seen as a real representation of K.
Definition 2.3. Let τ1 : K → GL(p
∗
C
) be the contragradient representation of the complexifi-
cation of the real representation Ad : K → GL(p). Furthermore, for each 0 ≤ p ≤ dim(G/K),
let τp : K → GL(
∧p(p∗
C
)) be the p-exterior representation of τ1.
The homogeneous vector bundle Eτp = G ×τp
∧p(p∗
C
) is identified with
∧p(T ∗G/K)C, the
p-exterior product of the cotangent bundle. Moreover, the associated differential operator ∆τ
acting on smooth sections of Eτp coincides with the Hodge–Laplace operator dd
∗ + d∗d acting
on smooth p-forms. Consequently, the notion of τp-isospectrality coincides with the standard
notion of p-isospectrality.
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2.3. Finite parts of the spectrum. We set
(2.5) Eτ = {λ(C, pi) : pi ∈ Ĝτ}.
It turns out from (2.1) (with Γ trivial) that λ ∈ Spec(∆τ ) if and only if λ ∈ Eτ . Moreover, the
multiplicity of λ ∈ Eτ in Spec(∆τ ) is equal to
∑
π dimVπ dimHomK(Wτ , Vπ), where the sum is
over pi ∈ Ĝτ such that λ(C, pi) = λ.
Definition 2.4. We say that an eigenvalue λ in Eτ is tame if the set of representations pi ∈ Ĝτ
such that λ(C, pi) = λ is either {pi} or {pi, pi∗} for some pi ∈ Ĝτ .
We are now in a position to recall the following theorem from [LM18, Thm. 4.4].
Theorem 2.5. Let G be a compact connected semisimple Lie group, let K be a closed subgroup
of G, let τ be a finite dimensional representation of K, and let 〈·, ·〉 be an Ad(G)-invariant
inner product on g. Suppose there exist a finite subset Pτ of P
++(G) and a weight ω ∈ P++(G)
such that
(2.6) Ĝτ =
⋃
Λ0∈Pτ
S(ω,Λ0) =
⋃
Λ0∈Pτ
{piΛ0+kω : k ∈ N0}
and, furthermore, the following conditions hold for each pair Λ0,Λ
′
0 in Pτ with Λ0 /∈ S(ω,Λ
′
0)
and Λ′0 /∈ S(ω,Λ0):
(i) if 〈ω,Λ0〉 = 〈ω,Λ
′
0〉, then λ(C, piΛ0) 6= λ(C, piΛ′0), or V
∗
πkω+Λ0
≃ Vkω+πΛ′
0
as G-modules for
all k ≥ 0;
(ii) if 〈ω,Λ0〉 6= 〈ω,Λ
′
0〉, then
〈ω,Λ0 − Λ
′
0〉
〈ω, ω〉
6∈ Z or
(2.7) 〈ω,Λ0 − Λ
′
0〉〈ω,Λ0 + Λ
′
0 + 2ρG〉 6= 〈ω, ω〉〈Λ0 − Λ
′
0,Λ0 + Λ
′
0 + 2ρG〉.
Then, all but finitely many λ ∈ Eτ are tame. Moreover, given q a positive integer, and any
finite subgroup Γ of G such that |Γ| divides q, if Eτ,f is a finite subset of tame elements in Eτ
such that
(2.8) |{k ∈ N0 : λ(C, piΛ0+kω) ∈ Eτ,f} ∩ (j + qZ)| ≥ |Φ
+|+ 1 for all Λ0 ∈ Pτ ,
then the finite part of the spectrum {(λ,mult∆τ,Γ(λ)) : λ ∈ Eτ,f} associated to Eτ,f determines
nΓ(pi) for all pi ∈ Ĝτ and therefore it determines the whole spectrum of ∆τ,Γ.
Thus, the spectral strong multiplicity one property and the representation-spectral converse
are valid for (G,K, τ) (see Definition 2.2).
3. Complex projective spaces
Our main goal in the paper is to apply Theorem 2.5 in the case when G/K is an irreducible
compact symmetric space of real rank one. We have studied already the case of spheres in
[LM18], and here we will consider subsequently complex projective spaces, quaternionic projec-
tive spaces and the Cayley plane. In our study we will find increasing difficulties, mainly due
to the fact that the branching formulas become more obscure, hence harder to apply. Also, the
p-form spectrum involves the contribution of many irreducible representations, hence one can
hardly expect to prove that p-isospectrality implies representation equivalence, just by using
Theorem 2.5.
We begin our case-by-case study considering the complex projective P n(C) space realized as
G/K with G = SU(n+ 1) and
K =
{(
g
z
)
: g ∈ U(n), z ∈ U(1), det(g)z = 1
}
≃ S(U(n)× U(1)).
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We consider the metric induced by the bilinear form on g given by 〈X, Y 〉 = − tr(XY ), which
gives sectional curvature K satisfying 1 ≤ K ≤ 4.
We fix the maximal torus in G given by
T = {diag(eiθ1 , . . . , eiθn+1) : θj ∈ R,
∑n+1
j=1 θj = 0}.
The associated Cartan subalgebra tC of gC is a subspace of codimension one of
uC := {diag(θ1, . . . , θn+1) : θj ∈ C}.
We set εj ∈ u
∗
C
given by εj(diag(θ1, . . . , θn+1)) = θj , for any 1 ≤ j ≤ n+ 1. One has that
t∗
C
= {
∑n+1
j=1 ajεj : aj ∈ C,
∑n+1
j=1 aj = 0}.
It turns out that Φ(gC, tC) = {±(εi − εj) : 1 ≤ i < j ≤ n + 1} and
P(G) = {
∑n+1
j=1 ajεj : aj − aj+1 ∈ Z,
∑n+1
j=1 aj = 0}.
For any
∑n+1
j=1 ajεj ∈ P(G), it follows that (n + 1)aj ∈ Z for every j. We extend 〈·, ·〉 to uC
(and to its dual) by 〈X, Y 〉 = − tr(XY ). Thus 〈εi, εj〉 = δi,j for all 1 ≤ i, j ≤ n + 1. Picking
the standard order, one has the simple roots {ε1 − ε2, . . . , εn − εn+1}, Φ
+(gC, tC) = {εi − εj :
1 ≤ i < j ≤ n + 1}, and furthermore
P++(G) = {
∑n+1
j=1 ajεj ∈ P(G) : a1 ≥ · · · ≥ an+1}.
The group K is reductive with 1-dimensional center Z(K) = {diag(eiθ, . . . , eiθ, e−inθ) : θ ∈
R}. We note that T is as well a maximal torus of K. In this case we have that Φ(kC, tC) =
{±(εi − εj) : 1 ≤ i < j ≤ n} and P(K) = P(G). We pick on t
∗
C
the same order as above, so
the simple roots are {ε1 − ε2, . . . , εn−1 − εn}, Φ
+(kC, tC) = {εi − εj : 1 ≤ i < j ≤ n}, and
P++(K) = {
∑n+1
j=1 bjεj ∈ P(K) : b1 ≥ · · · ≥ bn}.
Here, we introduce a tool that facilitates the parametrization of elements in P(G). We define
the projection pr from u∗
R
= spanR{ε1, . . . , εn+1} to t
∗
R
= {
∑n+1
j=1 ajεj ∈ u
+
R
:
∑n+1
j=1 aj = 0} given
by
pr
(
n+1∑
j=1
ajεj
)
=
n+1∑
j=1
ajεj −
1
n+ 1
(
n+1∑
j=1
aj
)
(ε1 + · · ·+ εn+1).
Note that pr(
⊕
j Zεj) = P(G). For example, the standard representation of G has highest
weight pr(−εn+1), its contragradient representation has highest weight pr(ε1), and the p-th
fundamental weight has highest weight pr(ε1 + · · ·+ εp) for any 1 ≤ p ≤ n.
We now recall the branching law in the present case. The reader may see equivalent state-
ments in [IT78, §5] and [Ha07, §3], where both utilize non-standard parameterizations of
P++(G) and P++(K).
Lemma 3.1. Let G = SU(n + 1) and K = S(U(n)× U(1)). If Λ =
∑n+1
j=1 ajεj ∈ P
++(G) and
µ =
∑n+1
j=1 bjεj ∈ P
++(K), then τµ occurs in piΛ|K if and only if a1 − b1 ∈ Z and
(3.1) a1 ≥ b1 ≥ a2 ≥ b2 ≥ · · · ≥ an ≥ bn ≥ an+1.
Furthermore, when this is the case, dimHomK(τµ, piΛ|K) = 1.
The next goal is to show that Ĝτ is a finite and disjoint union of strings with direction
ω := ε1− εn+1 for any finite-dimensional representation τ of K. Let µ =
∑n+1
j=1 bjεj ∈ P
++(K),
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thus
∑n+1
j=1 bj = 0, (n+ 1)bj ∈ Z for all j and b1 ≥ · · · ≥ bn. We set
(3.2) Pτµ =

n+1∑
j=1
ajεj :
aj − b1 ∈ Z for all 2 ≤ j ≤ n,
b1 ≥ a2 ≥ b2 ≥ · · · ≥ an ≥ bn,
a1 = b1 +max(0,−r),
an+1 = bn −max(0, r),
where r = b1 + bn +
∑n
j=2 aj

.
It is a simple matter to check that Pτµ is finite and included in P
++(G).
Proposition 3.2. For µ =
∑n+1
j=1 bjεj ∈ P
++(K), we have that
Ĝτµ =
⋃
Λ0∈Pτµ
S(Λ0, ε1 − εn+1) =
⋃
Λ0∈Pτµ
{piΛ0+k(ε1−εn+1) : k ≥ 0}.
The union is finite and disjoint.
Proof. By using Lemma 3.1, it is a simple matter to check that Λ0 ∈ Pτµ forces pikω+Λ0 ∈ Ĝτµ
for all k ≥ 0. To see the converse, suppose piΛ ∈ Ĝτµ for some Λ =
∑n+1
i=1 aiεi ∈ P
++(G), thus
ai − bj ∈ Z for all i, j and (3.1) holds. We set k = min(a1 − b1, bn − an+1). It follows that
Λ0 := Λ− kω = Λ− k(ε1 − εn+1) = (a1 − k)ε1 +
n∑
i=2
aiεi + (an+1 + k)εn+1
still satisfies (3.1), thus piΛ0 ∈ Ĝτµ . It suffices to show that Λ0 ∈ Pτµ . The first two conditions
in (3.2) are clearly satisfied. To check the last two conditions, set r = b1 + bn +
∑n
j=2 aj. Thus
r = b1+ bn− a1− an+1 since
∑n+1
i=1 ai = 0. Now, if a1− b1 ≤ bn− an+1, then k = a1− b1, r ≥ 0,
a1 − k = b1 = b1 +max(0,−r), and an+1+ k = an+1+ a1 − b1 = bn − r = bn −max(0, r), which
shows that Λ0 ∈ Pτµ . The case a1 − b1 > bn − an+1 is completely analogous. 
We will now give particular situations when Theorem 2.5 can be applied. The next result
considers the case of two jumps of length one and also one jump of length two among the first
n coefficients of µ, with a few technical exceptions. The proof reduces to showing that the
conditions (i) and (ii) in Theorem 2.5 hold.
Theorem 3.3. Let G = SU(n + 1) and K = S(U(n) × U(1)). For l, m, s ∈ Z satisfying that
l, m ≥ 0 and l +m ≤ n, let τl,m,s be the irreducible representation of K with highest weight
(3.3) µl,m,s := pr
(
l∑
j=1
εj −
n∑
j=n+1−m
εj + sεn+1
)
.
Assume s 6= 0 when l 6= m, and s 6= 2(n − 2l) when l = m < n/2. Then, the spectral strong
multiplicity one property and the representation-spectral converse are valid for (G,K, τl,m,s).
Proof. Write µl,m =
∑n
i=1 biεi and β = −1−
l−m+s
n+1
, then bi = 2+ β for 1 ≤ i ≤ l, bi = 1+β for
l + 1 ≤ i ≤ n−m, bi = β for n + 1 −m ≤ i ≤ n, and bn+1 = s + β. From (3.2), it is a simple
matter to describe Pτl,m,s , though one has to be careful by dividing into appropriate cases. For
instance, when l and m are both positive and l +m < n (which is the generic case), one has
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that Pτl,m,s = {Λ0(2, 1), Λ0(2, 0), Λ0(1, 1), Λ0(1, 0)}, where
Λ0(c1, c2) = (2 + β +max(0,−r(c1, c2)))ε1 + (2 + β)
l∑
i=2
εi + (c1 + β)εl+1(3.4)
+ (1 + β)
n−m∑
i=l+2
εi + (c2 + β)εn+1−m + β
n∑
i=n+2−m
εi
+ (β −max(0, r(c1, c2)))εn+1
and r(c1, c2) = c1+ c2−s−2. Note that r(c1, c2) does not change of sign if s 6= 0. Furthermore,
Λ0(c1, c2)− Λ0(c
′
1, c
′
2) = (max(0,−r(c1, c2))−max(0,−r(c
′
1, c
′
2)))ε1 + (c1 − c
′
1)εl+1(3.5)
+ (c2 − c
′
2)εn+1−m − (max(0, r(c1, c2))−max(0, r(c
′
1, c
′
2)))εn+1.
We now proceed to check that assumptions (i) and (ii) in Theorem 2.5 hold for every pair
Λ0,Λ
′
0 in Pτl,m,s . We will consider only the generic case, l, m > 0 and l +m < n, while the rest
of the cases are simpler and left to the reader. Furthermore, the case l +m = n is included in
Theorem 3.6 below.
From (3.5), it follows immediately that 〈ω,Λ0(c1, c2) − Λ0(c
′
1, c
′
2)〉 = |r(c1, c2)| − |r(c
′
1, c
′
2)|,
thus
〈ω,Λ0(c1, c2)− Λ0(c
′
1, c
′
2)〉
〈ω, ω〉
= ±
1
2
/∈ Z
for any pair of coefficients {(c1, c2), (c
′
1, c
′
2)} equals {(2, 1), (2, 0)}, {(2, 1), (1, 1)}, {(2, 0), (1, 1)},
and {(1, 1), (1, 0)}. Consequently, (i) is empty and (ii) holds for those pairs. It remains to
consider {(2, 1), (1, 0)} and {(2, 0), (1, 1)}.
One has that Λ0(2, 0)− Λ0(1, 1) = εl+1 − εn+1−m, thus 〈ω,Λ0(2, 0)− Λ0(1, 1)〉 = 0 and
λ(C, piΛ0(2,0))− λ(C, piΛ0(1,1)) = 〈Λ0(2, 0),Λ0(2, 0) + 2ρG〉 − 〈Λ0(1, 1),Λ0(1, 1) + 2ρG〉
= 〈Λ0(2, 0)− Λ0(1, 1),Λ0(2, 0) + Λ0(1, 1) + 2ρG〉
= 2(n+ 1− l −m) 6= 0.
We conclude that (i) holds for this pair.
We end the proof by analyzing {Λ0(2, 1),Λ0(1, 0)}. We have that 〈ω,Λ0(2, 1)− Λ0(1, 0)〉 =
|1− s| − |− 1− s|, thus this quantity vanishes if and only if s = 0. In this case (i.e. s = 0), one
can check that λ(C, piΛ0(2,1))− λ(C, piΛ0(1,0)) = 2(l−m), so (i) holds for this pair provided that
m 6= l. However, when s = 0 and m = l, one can check that piΛ0(2,1) and piΛ0(1,0) are conjugate
to each other (see for instance [BD, VI.(5.1)]), thus (i) also holds for this pair. Suppose s 6= 0.
One has 〈ω,Λ0(2,1)−Λ0(1,0)〉
〈ω,ω〉
= 1 and (2.7) becomes 4(n− s + 2) 6= 4(n− s + 2 − l +m), which is
true except when l = m, a case not covered by the hypothesis. Hence, (ii) holds for Λ0(2, 1)
and Λ0(1, 0), and the proof is complete. 
We now consider the representation τp of K introduced in Definition 2.3. It turns out (see
[IT78, §3]) that
(3.6) τp ≃
⊕
l+m=p
min(l,m)⊕
j=0
τl−j,m−j,m−l,
where τl,m,s ∈ K̂ has highest weight µl,m,s defined in (3.3). Consequently, Theorem 3.3 proves
that the spectral strong multiplicity one property and the representation-spectral converse are
valid (G,K, τ) for every irreducible constituent τ of τp. We next show that these properties
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also hold for τ = τp with p = 0, 1 (Theorem 3.4), however they cannot be proved by using
Theorem 2.5 for any p > 1 (as shown in Example 3.5).
Theorem 3.4. Let G = SU(n + 1), K = S(U(n) × U(1)) and Γ,Γ′ finite subgroups of G.
For p ∈ {0, 1}, if Γ\P n(C) and Γ′\P n(C) are p-isospectral then Γ and Γ′ are τp-representation
equivalent in G.
Proof. The case p = 0 is clear. We now assume p = 1. By (3.6), τ1 ≃ τ1,0,−1 ⊕ τ0,1,1, thus
Pτ1 = Pτ1,0,−1 ∪ Pτ0,1,1 = {Λ0 := ε1 − εn+1, Λ
′
0 := ε1 + ε2 − 2εn+1, Λ
′′
0 := 2ε1 − εn − εn+1}
by Proposition 3.2. It is clear that piΛ′0 and piΛ′′0 are dual to each other, and piΛ0 is self-dual.
It remains to check that the conditions (i) and (ii) hold for the pairs {Λ0,Λ
′
0} and {Λ0,Λ
′′
0}.
This follows from 〈ω,Λ0 − Λ
′
0〉/〈ω, ω〉 = 〈ω,Λ0 − Λ
′′
0〉/〈ω, ω〉 = 1/2. 
Example 3.5. Let 2 ≤ p ≤ n. We will a give particular pair Λ0,Λ
′
0 ∈ Pτp such that they do not
satisfy condition (ii) in Theorem 2.5. Although the spectral strong multiplicity one property
and the representation-spectral converse for (G,K, τp) do not follow from Theorem 2.5, the
question of whether this is true or not remains open.
We set Λ0 := ε1+ ε2−εn−εn+1, Λ
′
0 := ε1+ ε2+ ε3−3εn+1, and Λ
′′
0 := 3ε1−εn−1−εn−εn+1.
One can easily check that they are in P++(G), that piΛ′0 and piΛ′′0 are dual to each other, and
piΛ0 is self-dual. By the branching rule stated above, one can check the following facts:
• τ2,1,−1, τ1,1,0, τ1,2,1 appear in the decomposition of piΛ0 |K , thus Λ0 ∈ Pτ2,1,−1∩Pτ1,1,0∩Pτ1,2,1 ;
• τ3,0,−3, τ2,1,−1, τ2,0,−2 appear in the decomposition of piΛ′0 |K , thus Λ
′
0 ∈ Pτ3,0,−3 ∩Pτ2,1,−1 ∩
Pτ2,0,−2 ;
• τ0,3,3, τ1,2,1, τ0,2,2 appear in the decomposition of piΛ′′0 |K , thus Λ
′′
0 ∈ Pτ0,3,3 ∩Pτ1,2,1 ∩Pτ0,2,2 .
On the other hand, by (3.6), τ1,1,0, τ2,0,−2 and τ0,2,2 are irreducible constituents of τp for all
p ≥ 2 even. Similarly, τ2,1,−1, τ1,2,1, τ3,0,−3, and τ0,3,3 are irreducible constituents of τp for all
p ≥ 3 odd. Consequently, Λ0, Λ
′
0 and Λ
′′
0 belong to Pτp for all p ≥ 2.
We claim that (ii) does not hold for the pairs {Λ0,Λ
′
0} and {Λ0,Λ
′′
0}. One has that Λ0−Λ
′
0 =
−ε3 − εn + 2εn+1 and Λ0 − Λ
′′
0 = −2ε1 + ε2 − εn−1. An easy computation shows that
〈ω,Λ0 − Λ
′
0〉〈ω,Λ0 + Λ
′
0 + 2ρG〉 = 4(n+ 3) = 〈ω, ω〉〈Λ0 − Λ
′
0,Λ0 + Λ
′
0 + 2ρG〉,(3.7)
and the same holds when replacing Λ′0 by Λ
′′
0. Hence, (2.7) does not hold for these pairs, neither
does (ii).
Theorem 3.3 already yields the validity of the spectral strong multiplicity one property and
the representation-spectral converse for (G,K, τ) for infinitely many irreducible representations
τ of K. The next result provides additional infinite choices for τ ∈ K̂ having highest weight µ
with one arbitrary jump among the first n coefficients of µ.
Theorem 3.6. Let G = SU(n + 1) and K = S(U(n) × U(1)). For t, s, l ∈ Z satisfying that
t ≥ 0, 1 ≤ l ≤ n− 1, let τ ′t,l,s be the irreducible representation of K with highest weight
(3.8) µ′t,l,s := pr
(
t
l∑
j=1
εj + sεn+1
)
.
Assume s ≤ 0 or s ≥ t, and (t − n + 2l − 3s)/3 /∈ Z ∩ [1, t − 1]. Then, the spectral strong
multiplicity one property and the representation-spectral converse are valid for (G,K, τ ′t,l,s).
Proof. We will omit many details in this proof since the argument is very similar to that in
Theorem 3.3. Write µ′t,l,s =
∑n+1
i=1 biεi and β = −
tl+s
n+1
, then bi = t + β for 1 ≤ i ≤ l, bi = β for
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l + 1 ≤ i ≤ n, and bn+1 = s+ β. Then Pτ ′
t,l,s
= {Λ0(c) : 0 ≤ c ≤ t}, where
Λ0(c) =(t + β +max(0, s− c))ε1 + (t + β)
l∑
i=2
εi + (c+ β)εl+1(3.9)
+ β
n∑
i=p+2
εi + (β −max(0, c− s))εn+1.
We now check that (i) and (ii) in Theorem 2.5 hold for every pair Λ0,Λ
′
0 in Pτt,l,s. From
(3.9), 〈ω,Λ0(c)− Λ0(c
′)〉 = |c− s| − |c′ − s|, which vanishes if and only if c = c′. In fact, since
s ≤ 0 or s ≥ t by assumption, one has that c− s does not change sign provided that 0 ≤ c ≤ t.
It remains to show that (ii) holds for Λ0(c) and Λ0(c
′) for all c 6= c′ satisfying that 0 ≤ c, c′ ≤ t.
Fix 0 ≤ c′ < c ≤ t. For simplicity, we assume that s ≤ 0. The other case is completely
analogous. By (3.9), one obtains Λ0(c)−Λ0(c
′) = (c− c′)(εl+1− εn+1). In order to verify (2.7),
we calculate
〈ω,Λ0 − Λ
′
0〉 = (c− c
′), 〈ω,Λ0 + Λ
′
0 + 2ρG〉 = (2n+ 2t+ c+ c
′ − 2s),
〈ω, ω〉 = 2, 〈Λ0 − Λ
′
0,Λ0 + Λ
′
0 + 2ρG〉 = 2(c− c
′)(n− l + s+ c+ c′).
Hence, (2.7) holds unless 2t = 3(c + c′) + 2n − 4l + 6s, or equivalently Z ∋ c+c
′
2
= t−n+2l−3s
3
,
which contradicts our assumption. This shows that (ii) is satisfied for Λ0(c) and Λ0(c
′), and
hence, the proof is complete. 
The next examples show that the assumptions of Theorem 3.6 cannot be substantially im-
proved, as long as one wants to prove it by applying Theorem 2.5.
Example 3.7. Let µ = pr(nε1 + εn+1). In the notation of Theorem 3.6, we have that t = n,
p = 1, s = 1, and Λ0 := Λ0(2) = (n − 1)ε1 + ε2 −
∑n
i=3 εi − 2εn+1 and Λ
′
0 := Λ0(0) =
nε1−
∑n
i=2 εi− εn+1 are in Pµ. One can easily check that (i) does not hold for Λ0 and Λ
′
0, that
is, 〈ω,Λ0−Λ
′
0〉 = 0, 〈Λ0,Λ0+2ρG〉 = 〈Λ
′
0,Λ
′
0+2ρG〉 and pi
∗
Λ0
6≃ piΛ′0 . Consequently, the Casimir
eigenvalues of the strings {pikω+Λ0 : k ≥ 0} and {pikω+Λ′0 : k ≥ 0} coincide infinitely many times.
Example 3.8. Let µ = pr((n+1)ε1). In the notation of Theorem 3.6, t = n+1, p = 1, s = 0,
thus (t − n + 2p − 3s)/3 = 1 contradicting its assumptions. In this opportunity, one has that
(ii) is not true for Λ0(2) and Λ0(0).
4. Quaternionic projective spaces
Now we consider the quaternionic projective space P n(H), realized as G/K with
G = Sp(n+ 1) =
{
g ∈ SU(2n+ 2) : gt
(
0 I
−I 0
)
g =
(
0 I
−I 0
)}
,
K = Sp(n)× Sp(1) =
{(
g1
g2
)
: g1 ∈ Sp(n), g2 ∈ Sp(1)
}
.
We consider the metric induced by the inner product 〈X, Y 〉 = −1
2
tr(XY ).
We fix the maximal torus in G given by
T = {diag(eiθ1 , . . . , eiθn+1, e−iθ1 , . . . , e−iθn+1) : θj ∈ R}.
Then, any element in t (resp. tC) has the form
X = diag(iθ1, . . . , iθn+1,−iθ1, . . . ,−iθn+1)
with θj ∈ R (resp. θj ∈ C) for all j. We set εj ∈ t
∗
C
given by εj(X) = iθj when X is
the element in tC given above. It turns out that Φ(gC, tC) = {±(εi − εj) : 1 ≤ i < j ≤
n + 1} ∪ {±2εi : 1 ≤ i ≤ n + 1} and P(G) =
⊕n+1
i=1 Zεi. Furthermore, 〈εi, εj〉 = −δi,j for all
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1 ≤ i, j ≤ n + 1. In the standard order, one has simple roots {ε1 − ε2, . . . , εn − εn+1, 2εn+1},
Φ+(gC, tC) = {εi − εj : 1 ≤ i < j ≤ n + 1} ∪ {2εi : 1 ≤ i ≤ n + 1}, ρG =
∑n+1
i=1 (n + 4 − 2i)εi,
and furthermore
P++(G) = {
∑n+1
j=1 ajεj ∈ P(G) : a1 ≥ · · · ≥ an+1 ≥ 0}.
The group T is also a maximal torus for K. Hence, Φ(kC, tC) = {±(εi − εj) : 1 ≤ i < j ≤
n} ∪ {±2εn+1}, P(K) = P(G), 〈εi, εj〉 = δi,j for all 1 ≤ i, j ≤ n + 1. With the induced order
taken above, one has simple roots {ε1 − ε2, . . . , εn−1 − εn, 2εn, 2εn+1}, Φ
+(gC, tC) = {εi − εj :
1 ≤ i < j ≤ n} ∪ {2ε1}, and
P++(K) = {
∑n+1
j=1 bjεj ∈ P(K) : b1 ≥ · · · ≥ bn ≥ 0, bn+1 ≥ 0}.
The branching law in this case was proved by Lepowsky [Le71] and presents deeper difficulties
than in the orthogonal and unitary cases. We will use the following alternative statement [Ts81,
Thm. 1.3] by Tsukamoto.
Lemma 4.1. Let G = Sp(n + 1) and K = Sp(n) × Sp(1). If Λ =
∑n+1
j=1 ajεj ∈ P
++(G) and
µ =
∑n+1
j=1 bjεj ∈ P
++(K), then τµ does not occur in piΛ|K unless
ai ≥ bi ≥ ai+2 for all 1 ≤ i ≤ n,(4.1)
where an+2 = 0. Furthermore, when (4.1) holds, dimHomK(τµ, piΛ) equals the coefficient of
xbn+1+1 in the power series expansion in x of
(4.2)
1
(x− x−1)n
n+1∏
i=1
(xδi+1 − x−δi−1),
where 
δ1= a1 −max(a2, b1),
δi=min(ai, bi−1)−max(ai+1, bi) for 2 ≤ i ≤ n,
δn+1=min(an+1, bn).
(4.3)
It is important to note that the doubly interlacing condition (4.1) is a necessary but not a
sufficient condition for dimHomK(τµ, piΛ) > 0.
At this moment, it is evident that an explicit description (as in the orthogonal and unitary
cases) of Pτµ (τµ ∈ K̂) in terms of the coefficients of µ is not available from Lemma 4.1.
However, the next result provides infinitely many choices of τ such that the representation-
spectral converse holds for (G,K, τ).
Theorem 4.2. Let G = Sp(n + 1), K = Sp(n) × Sp(1), and m, s ∈ N0, with m ≤ n − 1.
We set µm,s =
∑m
i=1 εi + sεn+1 ∈ P
++(K), and let τm,s denote the irreducible representation
of K with highest weight µm,s. Then, the spectral strong multiplicity one property and the
representation-spectral converse are valid for (G,K, τm,s).
Proof. As in the proof of Theorem 4.2, the goal is to show that the assumptions in Theorem 2.5
hold. We assume m > 0. The case µ0,s = sεn+1 is simple and left to the reader. From
Lemma 4.1, it follows that
(4.4) Ĝτm,s =
⋃
Λ0∈Pτm,s
{pikω+Λ0 : k ≥ 0} =
⋃
Λ0∈Pτm,s
S(ω,Λ0),
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where ω = ε1 + ε2 and
(4.5) Pτm,s =

Λ0 := (s+ 2)ε1 +
m+1∑
i=2
εi, Λ
′
0 := sε1 +
m+1∑
i=2
εi (if s ≥ 1),
Λ′′0 := (s+ 1)ε1 +
m∑
i=2
εi, Λ
′′′
0 := (s+ 1)ε1 +
m+2∑
i=2
εi
 .
We must check that (i) and (ii) hold for every pair of elements in Pτm,s . One has that
〈ω,Λ0−Λ
′′
0〉/〈ω, ω〉 = 1/2 /∈ Z, thus (i) and (ii) hold ((i) is empty). The same argument applies
to all pairs except for {Λ0,Λ
′
0} and {Λ
′′
0,Λ
′′′
0 }. In the first case, one has that 〈ω,Λ0−Λ
′
0〉/〈ω, ω〉 =
1 but (2.7) does not hold, since the left-hand side and right-hand side are respectively equal
to 4(s + 2n + 3) and 8(s + n + 2), which never coincide. Concerning {Λ′′0,Λ
′′′
0 }, it is a simple
matter to check that 〈ω,Λ′′0 − Λ
′′′
0 〉 = 0 and λ(C,Λ
′′
0) − λ(C,Λ
′′′
0 ) = (4n − 4m + 2) 6= 0, which
completes the proof. 
We now consider the representation τp from Definition 2.3, associated to the p-form spectrum.
Tsukamoto in [Ts81, page 421] explained an algorithm to decompose τp as a sum of irreducible
representations of K. He also gave the following explicit expressions for the first five cases:
τ0 ≃ 1K , τ1 ≃ τε1+εn+1, τ2 ≃ τ2ε1 ⊕ τ2εn+1 ⊕ τε1+ε2+2εn+1,(4.6)
τ3 ≃ τε1+εn+1 ⊕ τ2ε1+ε2+εn+1 ⊕ τε1+3εn+1 ⊕ τε1+ε2+ε3+3εn+1,
τ4 ≃ τ0 ⊕ τε1+ε2 ⊕ τ2ε1+2ε2 ⊕ τε1+ε2+2εn+1 ⊕ τ2ε1+2εn+1 ⊕ τ2ε1+ε2+ε3+2εn+1⊕
τ4εn+1 ⊕ τε1+ε2+4εn+1 ⊕ τε1+ε2+ε3+ε4+4εn+1.
However, to our best knowledge, there is no known explicit expression valid for every p.
We now show that the spectral strong multiplicity one property and the representation-
spectral converse are valid for (G,K, τp) for p = 0, 1, 2. On the other hand, we are not in a
position to show it holds (from Theorem 2.5) for p = 3 (see Example 4.4).
Theorem 4.3. Let G = Sp(n + 1), K = Sp(n) × Sp(1) and Γ,Γ′ finite subgroups of G. For
p ∈ {0, 1, 2}, if Γ\P n(H) and Γ′\P n(H) are p-isospectral then Γ and Γ′ are τp-representation
equivalent in G.
Proof. We will apply Theorem 2.5 for each p. We set ω = ε1 + ε2. The case p = 0 follows
immediately since Ĝτ0 = S(ω, 0). If p = 1, then τ1 is irreducible with highest weight ε1 + εn+1,
thus this was already shown in Theorem 4.2.
We now assume p = 2. From (4.6), we have that Ĝτ2 =
⋃
Λ0∈Pτ2
S(ω,Λ0) where Pτ2 =
Pτε1+ε2+2εn+1 ∪ Pτε1+ε2 ∪ Pτ2εn+1 (see Remark 2.1). It follows from (4.5) that
Pτ2 = {ε1, 2ε1, ε1 + ε2 + ε3, 2ε1 + ε2 + ε3, 4ε1 + ε2 + ε3, 3ε1 + ε2 + ε3 + ε4}.
Of course, we mean 3ε1 + ε2 + ε3 + ε4 ∈ Pτ2 when n ≥ 3, and similarly for the rest.
Although tedious, it is a simple matter to show that (i) and (ii) in Theorem 2.5 hold for
every pair {Λ0,Λ
′
0} of elements in Pτ2 . Indeed, for most of them (ii) follows from the fact
that 〈Λ0,Λ
′
0〉/〈ω, ω〉 /∈ Z. We conclude the proof by giving the details in one of the most
involved cases. Set Λ0 = 3ε1 + ε2 + ε3 + ε4 and Λ
′
0 = 2ε1, thus Λ0 − Λ
′
0 = ε1 + ε2 + ε3 + ε4 and
〈ω,Λ0−Λ
′
0〉 = 2. Then 〈ω,Λ0−Λ
′
0〉〈ω,Λ0+Λ
′
0+2ρG〉 = 2((5+2n+2)+(1+2n)) = 8(n+2) and
〈ω, ω〉〈Λ0−Λ
′
0,Λ0+Λ
′
0+2ρG〉 = 2((5+2n+2)+(1+2n)+(1+2n−2)+(1+2n−4)) = 8(2n+1).
Since these two expressions never coincide, we conclude that (ii) holds for this pair. 
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Example 4.4. By (4.6), τ2ε1+ε2+εn+1 is an irreducible constituent of τ3. One can check that
Ĝτ2ε1+ε2+εn+1 =
⋃
Λ0∈Pτ2ε1+ε2+εn+1
S(ω,Λ0), where
Pτ2ε1+ε2+εn+1 =
 3ε1 + ε2, 4ε1 + ε2 + ε3, 3ε1 + ε2 + ε3 + ε4,2ε1 + 2ε2, 2ε1 + 2ε2 + 2ε3, 2ε1 + 2ε2 + ε3 + ε4,
2ε1 + ε2 + ε3, 4ε1 + 2ε2 + 2ε3, 3ε1 + 2ε2 + 2ε3 + ε4
 .
We claim that Λ0 = 3ε1+ε2+ε3+ε4 and Λ
′
0 = 2ε1+2ε2+2ε3 do not satisfy (i) in Theorem 2.5.
Indeed, Λ0 − Λ
′
0 = ε1 − ε2 − ε3 + ε4, thus 〈ω,Λ0 − Λ
′
0〉 = 0 and
λ(C, piΛ0)− λ(C, piΛ′0) = 〈Λ0 − Λ
′
0,Λ0 + Λ
′
0 + 2ρG〉(4.7)
= (5 + 2n+ 2)− (3 + 2n)− (3 + 2n− 2) + (1 + 2n− 4) = 0.
Since Pτ2ε1+ε2+εn+1 is included in Pτ3 (see Remark 2.1), then τ3 does not satisfy the assumptions
in Theorem 2.5.
Question 4.5. Let G = Sp(n + 1), K = Sp(n) × Sp(1). Is Ĝτ a finite union of strings with
direction ω = ε1 + ε2, for any τ ∈ K̂?
5. Cayley plane
As a final case, we will look at the Cayley plane (or octonion projective plane) P 2(O), that
corresponds to the pair (G,K) := (F4, Spin(9)). Here, F4 denotes the simply connected compact
Lie group with Lie algebra f4, the compact Lie algebra whose complexification is of exceptional
type F4.
An explicit branching rule for this pair is not available. Particular cases were studied by
Lepowsky [Le71] and by Mashimo [Ma97, Ma06]. Mashimo covered all the cases necessary to
compute the spectrum on p-forms of P 2(O) for every p. More precisely, he listed the irreducible
representations τµ of K that are constituents of τp (see [Ma97, Table 1]), together with the
representations piΛ in Ĝτµ with multiplicity [τµ : piΛ|K ] 6= 0 (see [Ma06, Tables 1–28]). Mashimo
concludes the study by giving the Casimir eigenvalues corresponding to the irreducible rep-
resentations of G such that the restriction to K contains an irreducible representation of K
occurring in τp (for 0 ≤ p ≤ 5 see [Ma97, Table 2] and for 6 ≤ p ≤ 8 see [Ma06, Tables 29–31]).
In this subsection, by using the detailed Mashimo’s calculations, we will only analyze whether
p-isospectrality implies τp-representation equivalence.
In order to state the results, we introduce the notation of the positive root systems corre-
sponding to F4 and Spin(9), as chosen by Mashimo. It is possible to pick a maximal torus T
in F4 and Spin(9) with a basis {ε1, . . . , ε4} of t
∗
C
such that 〈εi, εj〉 = δi,j, Φ(gC, tC) = {±εi :
1 ≤ i ≤ 4} ∪ {±εi ± εj : 1 ≤ i < j ≤ 4} ∪ {
1
2
∑4
i=1 sjεj : sj = ±1 ∀j}, Φ(kC, tC) =
{±εi ± εj : 1 ≤ i < j ≤ 4} ∪ {
1
2
∑4
i=1 sjεj : sj = ±1,
∏4
j=1 sj = −1} and P(G) =
P(K) = {
∑4
i=1 aiεi : 2a1, a1 − a2, a1 − a3, a1 − a4 ∈ Z} (i.e.
∑4
i=1 aiεi is integral if and
only if all their coefficients are integers or half integers). Furthermore, there is an order in
t∗
C
with simple roots α1 := ε2 − ε3, α2 := ε3 − ε4, α3 := ε4, α4 :=
1
2
(ε1 − ε2 − ε3 − ε4)
for Φ(gC, tC) and β1 := ε3 − ε4, β2 := ε2 − ε3, β3 := ε3 + ε4, β4 :=
1
2
(ε1 − ε2 − ε3 − ε4)
for Φ(kC, tC), P
++(G) = {
∑4
i=1 aiεi : a1 ≥ a2 ≥ a3 ≥ a4 ≥ 0, a1 ≥ a2 + a3 + a4} and
P++(K) = {
∑4
i=1 biεi : b1 ≥ b2 ≥ b3 ≥ |b4|, b1 ≥ b2 + b3 + b4}. Consequently, the fundamental
weights are
ω1 := ε1 + ε2, ω2 := 2ε1 + ε2 + ε3, ω3 :=
1
2
(3ε1 + ε2 + ε3 + ε4), ω4 := ε1,
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for Φ(gC, tC),
υ1 :=
1
2
(ε1 + ε2 + ε3 − ε4), υ2 := ε1 + ε2, υ3 :=
1
2
(3ε1 + ε2 + ε3 + ε4), υ4 := ε1,
for Φ(kC, tC), and ρG =
1
2
(11ε1 + 5ε2 + 3ε3 + ε4).
Mashimo computed the decomposition of the representation τp (see Definition 2.3), that
yields (see [Ma97, Subsect. 2.3]):
τ0 ≃ 1K , τ1 ≃ τυ4 , τ2 ≃ τυ2 ⊕ τυ3 , τ3 ≃ τυ2+υ4 ⊕ τυ1+υ4 ,(5.1)
τ4 ≃ τ2υ4 ⊕ τ2υ1 ⊕ τυ1+υ2 ⊕ τυ1+2υ4 ⊕ τ2υ2 ,
τ5 ≃ τυ1+υ4 ⊕ τυ2+υ4 ⊕ τ3υ4 ⊕ τ2υ1+υ4 ⊕ τυ1+υ2+υ4 ,
τ6 ≃ τυ2 ⊕ τυ3 ⊕ τυ1+υ2 ⊕ τυ1+υ3 ⊕ τυ1+2υ4 ⊕ τυ2+2υ4 ⊕ τ2υ1+υ2 ⊕ τ2υ1+υ3 ,
τ7 ≃ τυ4 ⊕ τυ1+υ4 ⊕ τυ2+υ4 ⊕ τυ3+υ4 ⊕ τ2υ1+υ4 ⊕ τυ1+υ2+υ4 ⊕ τυ1+υ3+υ4 ⊕ τ3υ1+υ4 ,
τ8 ≃ τ0 ⊕ τυ1 ⊕ τυ3 ⊕ τ2υ4 ⊕ τ2υ1 ⊕ τυ1+υ3 ⊕ τυ1+2υ4 ⊕ τ2υ2 ⊕ τυ2+υ3
⊕ τ2υ3 ⊕ τ3υ1 ⊕ τ2υ1+υ3 ⊕ τ2υ1+2υ4 ⊕ τ4υ1 .
We note that the last four constituent for τ7 are missing in [Ma97, Table 1]. This omission
affected his calculations of the spectrum on 7-forms (see Remark 5.5).
Furthermore, [Ma06, Tables 1–28] give Pτ for each irreducible constituent τ of some τp such
that
(5.2) Ĝτ =
⋃
Λ0∈Pτ
{pikε1+Λ0 : k ≥ 0}.
Note that the direction, for all τ is ω := ε1. Then, [Ma97, Table 2] for 0 ≤ p ≤ 5 and
[Ma06, Tables 29–31] for 6 ≤ p ≤ 8, show (5.2) for τ = τp, with the corresponding eigenvalues
and multiplicity of each element in each string. Such information plus the dimension of the
irreducible representations in the strings, fully describe the spectrum of the Hodge–Laplace
operator on p-forms on P 2(O).
With the above information we obtain the following result.
Theorem 5.1. Let G = F4, K = Spin(9) and Γ,Γ
′ finite subgroups of G. For any p ∈
{0, 1, 2, 3, 4, 6}, if Γ\P 2(O) and Γ′\P 2(O) are p-isospectral then Γ and Γ′ are τp-representation
equivalent in G.
Proof. The proof consists on checking that the polynomials λ(C, pikω+Λ0) for each Λ0 ∈ Pτp
have, pairwise, only finitely many coincidences. These polynomials are in [Ma97, Table 2] for
0 ≤ p ≤ 4 and [Ma06, Table 29] for p = 6. Each case in this process follows immediately by
using [LM18, Lem. 4.5] and therefore is left to the reader. 
The next example shows why the previous theorem does not include the cases p = 5, 7, 8.
Example 5.2. From Tables 15 and 24 in [Ma06], we have that 3ω1 ∈ Pτ3υ4 and 2ω2 ∈
Pτυ1+υ2+υ4 respectively. Consequently, 3ω1 and 2ω2 are in Pτ5 . Furthermore, the polynomi-
als λ(C, pikω+3ω1) = k
2 + 17k + 66 and λ(C, pikω+2ω2) = k
2 + 19k + 84 have infinitely many
coincidences by [LM18, Lem. 4.5]. We conclude that the condition (ii) in Theorem 2.5 is not
satisfied by this pair.
A similar situation occurs with 2ω1+2ω3 ∈ Pτυ1+υ3+υ4 ∩Pτ4υ1 and 4ω3 ∈ Pτ3υ1+υ4 ∩Pτ4υ1 . Both
are in Pτ7 and Pτ8 , with λ(C, pikω+2ω1+2ω3) = k
2+21k+110 and λ(C, pikω+4ω3) = k
2+23k+132.
Remark 5.3. Theorem 5.1 immediately implies that the spectral strong multiplicity one prop-
erty and the representation-spectral converse are valid for (G,K, τ) for every irreducible repre-
sentation τ occurring in the decomposition of τp for some p ∈ {0, 1, 2, 3, 4, 6} (see Remark 2.1).
Moreover, this is also true for p = 5 and p = 7, since the strings with infinitely many coincidences
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Table 1. Spectra of Laplacian ∆7 on P 2(Ca)
multiplicity of V F4(λ+ nλ4)
eigenvalue n = 0 n = 1 n = 2 n = 3 n ≥ 4 λ
n2 + 11n 0 1 2 3 4 0
n2 + 14n+ 24 2 6 10 11 ← λ3
n2 + 17n+ 54 6 10 11 ← ← 2λ3
n2 + 20n+ 90 4 5 ← ← ← 3λ3
n2 + 23n+ 132 1 ← ← ← ← 4λ3
n2 + 15n+ 36 2 7 10 ← ← λ2
n2 + 18n+ 68 7 10 ← ← ← λ2 + λ3
n2 + 21n+ 106 3 ← ← ← ← λ2 + 2λ3
n2 + 19n+ 84 2 ← ← ← ← 2λ2
n2 + 13n+ 18 1 3 6 8 ← λ1
n2 + 16n+ 46 5 11 13 ← ← λ1 + λ3
n2 + 19n+ 80 6 8 ← ← ← λ1 + 2λ3
n2 + 22n+ 120 2 ← ← ← ← λ1 + 3λ3
n2 + 17n+ 60 4 7 ← ← ← λ1 + λ2
n2 + 20n+ 96 3 ← ← ← ← λ1 + λ2 + λ3
n2 + 15n+ 40 1 3 4 ← ← 2λ1
n2 + 18n+ 72 3 4 ← ← ← 2λ1 + λ3
n2 + 21n+ 110 1 ← ← ← ← 2λ1 + 2λ3
n2 + 19n+ 88 1 ← ← ← ← 2λ1 + λ2
among their Casimir eigenvalues (i.e. S(3ω1, ε1) and S(2ω2, ε1) for p = 5 and S(2ω1 + 2ω3, ε1)
and S(4ω3, ε1) for p = 7) are not τ -spherical representations for a common τ ∈ K̂ occurring in
τp. However, the situation for p = 8 is different since 2ω1 + 2ω3 and 4ω3 lie simultaneously in
Ĝτ4υ1 .
Question 5.4. Let G = F4, K = Spin(9). Is Ĝτ a finite union of strings with direction ω = ε1,
for any τ ∈ K̂?
Remark 5.5. Table 30 in [Ma06] is not correct since it does not include the string of rep-
resentation corresponding to τ2υ1+υ4 , τυ1+υ2+υ4 , τυ1+υ3+υ4 and τ3υ1+υ4 (the last four irreducible
constituents for τ7 in (5.1) forgotten in [Ma97, Table 1]). Table 1 substitutes [Ma06, Table 30]
by using exactly the same notation as in that article.
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